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jvisson ! this list, by the pigeonhole principle there must be two with the same remainder when divided

by n. The larger of these integers less the smaller one is a multiple of n, which has a decimal
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Tree Dmﬂ rams

fhe P:j“nhole BmaPle UDiichlet Drower Principle)
@Corollarj 1, A function f from a ot with hilelements 4 o set with k eloments is not gng-to-om

¢4, Amony any qroup of 1| miegers, “there. are tuo intefers 0. and fo such ¥hat [o]a-b

(the prssible emaindlers when on. intdr clvivled by 1o 19

The Generalized Pﬁ@onhoie Pr?naple
2f N objecss ore placed into k bowes . vhen there i at least bhe box comtainifg & least T1Me] abdutg

R IRAF Y N o

@ij Q%MQMQ 0f nal olistinet J‘n’reqeré contains Gubseﬁuﬂm @D = 0 %t~ AR. KWRU—REPN KUK, BEEN 4 5. EA—EH

Mam\ EHERNETRAXAAEFITT 1435,
of lovgeh, ntt i % gither coriodly incteasitg o SHivtly 'géj._ Guypre there are 1. owblry intefers 2, -
% . Chow Hhat there extst some oméecutive Intears Such that

O a7 T . the lomgth of ¥ lomest inctesg fhe cum of these Mtejers i ~the muliple of A

fosaciate (1) o0 Ok | egguore ctpridg ot b e .
Sb-_ dmsig g% ERHEREL 2n WEB 1AM EBRP—-EBFE I EBERES P EBEHR
g”PP&M nh. [¢lash, 1€ Yot C P

: = .' 2
thereore N palrs T DS =) centradicthon W’EJ;Z’Q

h o
oor
Fae ] RCmm)skln.m), Rim2)=n

The Ramsey number R(m, n), where m and n are positive integers greater than or equal to 2, O ’ l = 7 O n/
denotes the minimum number of people at a party such that there are either m mutual friends
or n mutual enemies, assuming that every pair of people at the party are friends or enemies.
Example 13 shows that R(3, 3) < 6. We conclude that R(3, 3) = 6 because in a group of five

Lo Nty -, Kt

people where every two people are friends or enemies, there may not be three mutual friends or
three mutual enemies (see Exercise 28).
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2 There are C(n+r—1,r) = C(n+r—1,n— 1) r-combinations from a set with n elements
when repetition of elements is allowed.
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oThe numberof onto funcoions
Jet m and n be p%iﬁve /‘m‘%ers with man

)= Qo-+a++ e

= 'i'? anx"
h=0

%) Find the number of solutions of

e te+ey=17,

where ey, e,, and e; are nonnegative integers with2 < e; <53 <e, <6,and4 <e; <7.

®

Solution: The number of solutions with the indicated constraints is the coefficient of x'7 in the
expansion of

@420 42 ) 42 A+ 2+ )

I
do such computations.)

Use generating functions to determine the number of ways to insert tokens worth $1, $2,
and $5 into a vending machine to pay for an item that costs r dollars in both the cases when
the order in which the tokens are inserted does not matter and when the order does matter. (For
example, there are two ways to pay for an item that costs $3 when the order in which the tokens
are inserted does not matter: inserting three $1 tokens or one $1 token and a $2 token. When
the order matters, there are three ways: inserting three $1 tokens, inserting a $1 token and then
a $2 token, or inserting a $2 token and then a $1 token.)

Use generating functions to find the number of r-combinations from a set with n elements when
repetition of elements is allowed.
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Theoram 2 Lhe transitive closure of o relotion R &gjmls the connesivy p*
P¥:MQ pH -t
Pmif’ oR SR by dofinivion
@ Wis tunsittve , If (o) €RY, (b, €8 2 (g er

@ is minimam . Tf S s alse o bronsitiie reltion S22/,
0) S\fmmb‘t)lle-. SH_C_ S v s'y': [O)O‘SVL o g ) ggs# = S>g¥
n= '

@Gnee RES, then RFes* IR*cS
lemaa | A s o sat Cortamming n eloments . R is relation en A. If theeis a path fom a to b . Hhen thee 15 such
Poth with /evgth hot exaling - f 04b, thare s Such puth with leth ot eX&odiry -
d’«fnm this Jomme., YR | RV
T/temm 3. /th*: MeV MgV =V M"

@ Worshall's aborltbm
Inwm" Vutr&s U‘f o Pa'th" (TR Y "/’bh-i;b_ Xi1Xz,~~0¥m4 GF2 l\ﬂmr Vﬂfb)(,cs

MATH‘&S.‘ /hk: Wh Wll WZI"'J Wﬂ, M/ﬂ=MP* (b“)
= I

We can wam Wh from Wi Thereis a path fiam Vi to withTte nteron verties amory the firet kA vertiues W:}
fﬂm are pathsiem Vs 10 Ve N fom Ve 10 Vit W!/@M#- Whj'w:l

by
Joun2 g% ™ C anlnon")

o olollD

t(R). =

). M(?loo\)
|oo?

b=l %131 s

creey rgui) (11
- L
MP’(?l{o()ﬁ(l\n ) ll”{ﬂ()

Mp2 Mgk



Ezw‘valenca Pelartions
Dequivalent i It's reflexive symmetric .and trnsitive

@nstion 4 b
0 fzwvalenaz Classes [adr

(Ple= fs| (9 6R]
i b e[alr then b Is called & reprsentative of +his eguivolence class,
+ (mgruencz closses mdulo m: [2]w {-, a-"am,arom,.-)
Theorem | R: gguivelence relation
%uivaleut Statements I u) aRb

o) (a)= CY
(i) (sINTIE . \
@Pation of o et b Ne - (%J,WM(%MO/
o collecsion of disjoint honempty subsets of § that have S as sheyp Union 2 U R Not! . tramsitive

l.0. the collectim of subsets Aijwhere i ¢1.<forms o portition of S iff f/l#—f)

notatiee. prids fsfiel] N (PUR)* = auholence
Thesrom 2. R+0m %ufvd lorée relation ¢ A Qg

Then he e;uwalence classes of R forma partivion ,rf S
Gnveisely, in & part tio i A pf $he Set S. there s an eguiya/m ydanon R Pt has the Sers As o its %H)Wbla classes

Pertral Orden‘rgs

@ porsil oderny 16's reflexve, antisymmesric , transitive

At toether with a por+ial, ordering R s called a portially orolered Set.or poset. denoted by (SIR)

UC;nrmhflfﬂa

Dofnition. The elements o and b of a poset [$,%) one comparsble  etther ash wr b

¥eymbo| 5 15 used to denote the relation in Ony poset

Pfution . (5, <) s @ poset and @iy o eler
< 15 called a total onder /(ineor ondor chamm_

0 (/<) well-grdered T ttls o poset such that < 15 @ total ordovig ond euvery romewpry subsot of S hos a least dlement.

ents of S ave comparoble, S5 called totally ordered or /;‘near/y ordlered St .

®lexcographic Order

Given wo posets (fhy <) and (Ax <2, the /exlwarophrc orvlerivg on AxA: is defined by speifying that (utts) is less than Chuk)
0] < Chuk) ehtherif 0 <ib or if-0izb ond G2 czp,

Hasse D'odrm

0 a visual repre seatation

@Tammolugj G 15 marinol (5, <) if thereis ao b €S Such that a<h (topof the Hasse diagrom)

(Ev <) poet |Q i minimod i ($;4) i shore 1s 0 beS Suchthet hsa [hyttom -2/

( Is Greotest element
least element

Mam., ﬂﬁymudest and feast element of the poset [fs <) Ore umgﬂa when t@ Q¥hsy.
@upper/ lower bound, [east upper bound, qreatest lmwer pound

®lntices | eV palr of elements ho both o evst kpper ppund and ?rzotest lower bound,
3 Bvery +otolly orderd sotis o lattice,

of o partial orlgring that lewes sut edges that must be present bemqu‘ refexive and. Gmnsi tive properties



Topolagioal Sortirg
9 A-trtal ordaira,s % soMd to be Compotible with the portial ardemg R #F 03bwhenewer A Rb

—ﬁploj)cwb S‘arﬁrﬂ; Oonstructing . Compotible total erdenvg fom o partik ”’de"W
Jomma |- Evary fimte nonempty peset (S, <) has at [enst one mintmalolomwent



hs
Grapls and, Groph. Madels
@ G=(ViE), comsivt vff V- a nonempty set of Vertias
E: o set of edges
Eoch edye has etther one or two vertias agsociated witk it = endpoints
A-ne.dae rs Sol to comnect Its endlpoints

@ﬁufle @ﬂph {eadt edje connects o different vertices

no wo edges connect the same pair of VOrtices
ﬂﬂult)gmphz hawe. multiple edes connecting the same vertites

Pseuol»gmph., may includle logps and, pussikly mulsiple. edges connecting the Same - oir of verties

@A diret goph Gligoph) (U E) fa nonompty set of verties U

0. Seb of Avested afges F (assocoted with an ordered poir of Verties)  Luiv), stort ot « end
ot v

§.."7|e dife(,tﬁi 870]* q‘*oss:‘blg the samg)
i paph. . il el des fm @ s 40 s erte

Graph Terminolvﬂ
Undirected Grophs G=(h®
"Vertexl @%e

If fwvi is an g;l\u]e in on undifec ted, 3vofh G, %egare @lled pdjacant [0' ﬂaigl\bou@) n &
A @(84 e comnecting u and V' Is colled inciddent with verties u ond v

[oop

/ The defm of @ vertex . he number of edes inciolent With it eXcept thot o egp Gt & Vertes Contributes aviteto the dz&m "f that vertex,
dtgw). ¥ o(%w):v ,vis olld fsoloted  Lf O‘%l")ﬂ - Fendont

Thewem 1.1 The Hondshahki Theorem)

G=(1T) be an undirected mk with e edges . TMU%V dﬁw) =Je

Thearam2. fon urdivected Groph Pos an cven number of verdias of oddd%yee,

Directed &'DP‘LS G=lh®
L) he an eoge n G. Then uisan mtial vertex and s ad/‘acmt v and 1is a terminal Vertex ond ts aﬁawcfmm w

I]n A?m.;f o Vertex v, denoted d%w) is the humber ofed’as which-terminate ot v ”(3—"‘”

O dasm i oo Initinte d%*w)
ﬂ)(’ﬂf@m 3 R _I
Lot G= (Vi) be o grph with direct ed?zs _Then l%_/d w);ﬁzvd v)=|Ef

Cte Spcil gl Giophs \
l”&b?l&‘te 6’“#5 ~ . Simple groph w.v‘vf:mﬁ?if ede betwesn. overy poi f distinge vorbices
z,'aJde (nin)  /\ D
3 Whesl Wn v A X1
4'n-Cobes Qa(r)  Groph with 2" Vertias foplesentiy e setings of [enihn

An ere exis betwen o varties Hot differ in @Xactly one bit prsition



Biportite C—Imrhs

A ctiple graph b is biportit
+There are no edges which connect Vertiees in Ui or in U

@ The complee bi?am‘te 8"‘?“: Vi ond Ve, evey Jerter ;s comected to euery vortex V., denoted by Kmmn, m={Ui], n={Ve]

cuen eage Connects o Vertex in Vi ond & vertgx

;f V con be. partitioned into o drs}‘m‘ut subsets I and Iy, such that
KA

T/mm« 4
A sl gropt 15 bipatite iff 16 possible o aselgn oneof o differont, Colors to och. Vertax of the Groph so-that no two odjacont vertius ore

we as;gned +he some Color.
@Pﬁubr guph.. - oveuy vertes of hts graph. has the same d?ree

N —régular
Bipartie Gmps ond A/ofdu‘uls
vA Wf'a'/“"" Mﬁﬁﬂ‘ g}f?‘k G=UE). o subsetof E Such that ho two wﬁes are Incidlont with the Same Vertex
0/ varvec thot 5 -the endpaint f-on e of 0. matchiy M sod to be matched m M.
Amrmum lmtchiz - Wth the [a!gest number of edﬂgs
oAmtcth M in o bipartite groph G =(lne) with bipareition

C (Hall’s morrioge theorom)
‘Zzz’b’:r:rﬂte oph &411.0@ with bproson (11, 15) s @ omplte matchig fomli 2o U iff [Nosl|A] o o ASY

OMew Gm,a‘ls fmn ol

GANE), H=u F.

H 15 a subgropk of G if Web, FeE

Qaban.rll His a proper swl?mrh of & if RtG
Hisa spanning Subjmf;h of 6 if W=V, FCE,

Permmtirg Emrhs and &mf)h .ZGﬂmrf/Iism
Pepomny ops
TAplfacen(ﬂ Iists -2 [ists that §f€afy all the vertias that are oo\{)*meﬁ +to each vertex.

] AA[W /hﬂBﬂQS
* Aagacwﬂ matries vf Updlirected grophs ore aliays mmetric.

@The od J‘acencj matrix vfa mulvr7m},h or W“ff'”?h

5 matrices af nomyaﬁve fnw\tj'ers
OThe adjacenq motnx of & directed 3”?}»

Olhadene Matris

Isomw])hrsm of @Wf“ﬁ
Goghs with -vhe some gorusture are said to be rsomomhic,

dence botweon Vervices of vhe o griphs thatpreserues the odjaceny refationship.

(,MJ/;) a &nrimw.‘ya,j@wm Vit Uy Ifmy Wertex in I & the em‘fﬂ‘ut c{—aneﬁe

in th mtdmg

=) one-bo- ONe CDNQSIDM



Gonectivt

OFavhs
A path of Iaj»:hn in s snple gioph 15 0 SEguence of vertios Ui, Vio-, U Sh thot f"’l"'f-"fvna, ]

The path is a a\mtit # it begins and emols ot the same verten l[erj’:h oater on 0)
OA poth 15 simple if 3t oloes not contain the Same esge mome an once.

A porh of lorgvh zero cnsis of @ Sigle Veriex

{ath in directed groph.

&mnﬂnj ?aﬂ\s hetween Vertices

—vusfnj 1ts "“"j“ motrix

Thesren 2.
ﬂ!nr::ber,f-dl‘ﬁem poths of /ajthr-fmm vi 10V 5 e}ual t the (l}j)th enty ﬁ’;A".
A= oayacenj matrix. pepresentin the amfh consietiry 01' Vi V. (standard gower of A

&nhé&f&dne% n undirected gmrks
@An undirected. gmfh 15 Colled Connected if therels a path betwean ony poir of distins Verbies of the 3'”1’“‘

Thesrem |

Theeets a simple path between euey poir of olistinct Verthes of o comnested upelvected g'ofk

@The maimally Connecied a‘bgra?l-s of G ow Colled he connecred Comparents

DA vertel & A Cub Vervex or arti culation peint) r]( removirg, It ond oll edges sncalert whchs Tt regilts in e connected
cowfonem thon in the orgmal 3mfk
%o cut edye / bridje
(onnactedness in direstel 3*017115
oAdrratedapfh is etronly connected afthm 15 o poth foom o 1 o oo fam b
@ Woakly comnecied> imderliing urcliected gogh s connecsel.

¥§w71y connected OOWfanents > the poxinal ctgly mnesied s’ubam(ks
Paths and Lsomorphism

Poler Puike
@/don)ysbe? Sewven Bnhse Boblon

lerninolayies IEuler Path . o simple poth Contoinhy every edge of &

to 0 for all vatias

Fuer Groait, a sinfle obrcult - - -

Fudler Groph. A-droph comtads o Bulor cirodt
ﬂmrem 1. A connested, n-wiu\jmfh has an Euler cireyit Tff ecch U]t 1S verties has an even dgjm‘
M= Mazssaa., a: begps with

[interuedu‘ate vertices
fwﬁrc)ent . CONStugt -~
Thesram 2 - A ovtnected multlyioph hos an Euler path but not an Evler circue 7 it pos exactly wo verties of odd
Euler circwit ond pashs in directed grogh 5&7;“\
A divected multiyroph houing no isolated verttws as an Suler dirut it r Weahlj connested
d{’]+=dﬁﬁ for each verten

f weaHj Conhected
Jﬂ*:daﬂ“ for all but TWe vesthies 7

L\M on Bler Paﬂl [ﬂ: . dﬁ_‘ =daf+,

Yne. Nf :olaff)



Hanilton paths ond circait
A Homilton Path in @ graph & 15 @ pocth which VIsits every Vertex in & exactly once.

A Homilten civcutt (or Howlton dee) s o cycle which visits every vortex exactly once , excep for the fivst yertex, which is oo visited o the
Lf & connected grofh G has o Hamilton circeit —> & 15 colled o Hamilton 8"7“ end of the cycle.

The 9uﬁ-|‘den’c conditlon for the etisience of Honi |ton path anol Homiten ovcwt.

Theerem 3 DIRAC Thosreen

¥6is0 simple groph with n vertios with Nz3 Such—vhat the de!iree of overy Vol in b 1siat
Theorom 4. ORE! Theorom

l;]c Gis o w‘mfle 3an1\ with n vevties with nz} such thot dﬁlu)wﬁw),,n for ovony pair
thor G hos o Homilton ot

The necessary ordigion

For undifected 4roph f‘é‘t} conneoted
Thowe are &t most 2 Versices whese d‘?m are less than 2

The degree ot opch vortex 15 /mfef +hon |
s I avertex in the 4raph Jos dqm wo, —Prth eslgos hat arp incident with this vertex mist be part o oy Hamikon Preuit.
o e bai he h all the vikr aan be
Nheu o Holmtron dront bair owstwcted ord ths Grcate hos passed. thimgh o voréx r oo bo

leost 'Z’L, Hen Gis a Hemilton chreurt

of nmod]omt vertits u ond v in G

O% 15 Haltn g forang vy oo S s V. he mumber of comnec e owprens nB=S

Shovtest Path Poblens

olhted grph. 6= (V.E,W) . gl weigts the ahus of grople

OLerTH\ of o poth Ina Wel‘jhteol gmfk + the sum of the weights of the od(jes o this fath
A Shorvest 'fath a?ﬁ&hm

_DlﬂiétM'S Algvithm (undirected jmrl\ with positive Wayk@

Oprceed by Jorming o dictiuishel ot of Vertices Herobively
Lot Sk dende this set of Verthes ofter k iteroctions of /abdl‘7 prcadlure,

S‘mrl_.bbe/ o with 0 and pther mith &0 Lo(@)=o, Liv=c0, $=p
Sfefz: Sk % formedl from Shi by odoling & Vertex i hot in Sbq with the smallest (obel,
Ohae u'ts odbled o Sk, W2 ufdaie-bhe lobols o ald verths ot In G <ot Jplv) T the length of the shoreest Patkfiov ot U

INE f Lol L lu4 wo (U] thot owian wethas only Gk
Thowrem | Dijbstrs a/79riH!m finds the lewsh of 0 shortest pash botuvenn g vereies In o comtece gingle reced e
/_/‘Wmh 2. ‘7;] [;,gvro’s a(jau-‘thvﬂ Uses 0/,‘12) uremmns (Mlmvns and a»fm ?59"? waj\mﬁmrk



Planar Gmfhs
®1f it can be clrawn Inhe plane wr thout any ealJes crossing.

#Such o clmwing Ts called o plavar reprasentation of the groph.

OFulers Formula

(Ejion-. A feja‘m s a port rf the plane wmflately disconnected, off fom other ports of vhe phane
by the eo&es of vhe graph.

TBWWM ffjm’t < There Is pno unpyunded rﬁion ina flamn 3mfh

Unbyunded njian

ﬂr,’omn] . Eulor's formua
Jot G ke a connected flﬂnar stmple j‘fa?h with e ea‘jes ool V Vertices . et + be bhe number 0f e 1n o Pfanav»

Yeseivtotion oj-’ G. Then r=e-v+2 ( Preef)
¥lpte The Eulerts formla 15 a necssary condition

05";%»2 Risa rgion of o comected phnar simple graph. _ the mumber vf the edljes on the bounolarj of R is aalled the Deﬁrae,gr
M R
G;m//ary 1 If & 15 a connected planar simple Goph with e edges and v vertices where v 23 ,then e<3v—b

XThe epuality holds tff every region hos exactly three edges

+For uncomneded planar simplo.gpaph ve<3v-b  also halds
Cm//aq 2. 3 G s @ comested planar simple graph ,hen G has ‘@ vertex of a{e:;m not  €xceeding five.
C,yallm 3 Ifa connected. plamr cimple groph hos € edges onol v verties with v=3 and o arait of /ergch, esv-y

0 kuratowshi’s Thesrom
Elewentarj supdivigion
Humeemgrph;‘c. Gr=llB), 622 11T are colled. homeomsuphie if ‘they can be obtaed Foom the same groph by o seguenc vf elementary

Theorem 2. /']-?mph s noﬁ{)/anar Iﬁ“ It contalns Q {‘ubdmfh homesomoyphc  ~bo bz or ko Subdlvision
Em?h G/‘WZ Lnch h is TePresented by a vertex
ton e f
ke sk gk f s ngp {9
An edge connect o verties if the regions yopreserted by these Vortiws hove o commen bordlor
Two reglons that ouch ot only onepoint ave not considered dpacant,
Ye—mmljres. (/{m‘a.‘ A—colonﬁ f & smple groph bs the assignment of & celor to each vertec s that Mo thO odjocnt vertias are assied. “the Sane
(or
fﬂe o‘m;;?;ZDnumber of @ Groph othe faast number of-colos needed for a coloring # grph. come.
Theoran | The chromatic number of o planar gioph. 15 no. greater than four
x §G) k=N

TA single groph with & chremaitic number 4 2 biportite
Aypfmu



Trees
olefinition | A tree 1s @ comnecied undivected groph with no Single  ircuits

<Forest. an undivected Goph ith. no shple clreules, [F- R Conmecte)
Awy tree must be o ingle §roph
Each connected Components vf frrest % e
Theorem |, An undirected Goph s atre i Ghereis al pnigiie simple. path betwan ahy w0 of its vertices

Rogted Trea
0 particulor Vertex of a tre-? ofesranan‘eo( Qs the reot
3 dlirect each eoge aney from the root,
+arm
orminolod c Bons, v - the Wige Vertes i With o dirested edgofrom L 20 V.

Child » v~ the chitdof u

Worvtes wivh the-same povent are called siblings.

Ancostors. Theahastors of o Noh—ront verter Of¢ allthe Vertices Mn the path from 190t v
vert

Descendonts
Leof, A vervex s called a Iaj if 1t has no childen .

Internal Vertex. has chitdren

Cubtree

Piray e
OA roted tr@ 15 colled o Mooy ez qc overy ntemal verter has ho more than M childlren,
[t a binary tree if m=2

-futl m~ory Tre. oy inten

Orderd rooted tre

4 reoted roe where he hildren of each intornod vertex ove ordered,
The tree_reoted ot-tle lfe dild = [eft Subtree rige sibtre

Tm Pm[ﬁ"ﬂes

fhesen> A tree with n VerttCes hos 1 edes

Theorom /4 full m-o ree. with 3 Mnternal vertices Contairs n=mit| Verues

ol vertex has Qm:t/g m children

Theorom & A ful m-ay tree with (n=imi+l, n=st))
n vertices ms = '"r% ternal Verties od, 1= j(nﬂ)nH] laaves
m

{ leaves hov - --
lovel. the lengsh of she unife paith from the oot €0 V.
helght. - mAXtmum of he fels of tts vertices

i, Ol T leales ore at lovols hor A
Theorom S There're. ot most mh |eotts . an /-4 reg. of: okt v

11 on m-ay tree of he)shth has | leaves. hz]'@,,,g
ol and balined=)  (=Tlsgl |



2 Applicotions of Treos
Brnowy Secwrch Trees

Concepts [ used to Store items In its Vertices

Binary Seorch Trea., ¢ An orlered rooted  binany
Ench vertex Conttins o distine key value
key volues com be conpared. using “geaer thon” less thon”

bg& valie of exch verrex —= Tless than every bey valie in i right ssbtree

Gﬂsﬂuct -the b,‘myj SEOJU)\H% gVOOLtGV‘ than /qt .

Degiaon  Trees
Pefix Cooes , Dofiniion

onstruct Prefix codss I

keftede Ot €ach nternol WRrtex =0

Usimg o birar treej
K ! right - =

Phffman &ob‘rg/

every Vertex o on ondered roeted treo

113 Tlre Troversal
O Traversol ﬂaari-thms. : gvgtematicalg visiting
Preorder vroversall yoot - left subtree - nam subtre
Tnorder Troversab  lefe subtre > reve—> Fight subtres
Postorder troversel left subbre= right subtrey — Y60t
01»{"(. meix.pmfx notation

4 binorg Expression Tree ¢Each lerzf nodle centoins @ sirg/e eperond.

Nonlexf- nedle. Contains sv‘ra!e gertor
X the fully porenthesized expression obtained by an ingrder tmaersal of the binary tree is saiol +o be in lrfz ﬁm
y-Prefix-form (Dofih notation)
*pestfix form (Feverse polish Avtoition
[4 Spanni Tmes o
P A Snle o

Olefrarsion. /A spannirg b of Cr s 0" cwbgrph of G vhat 15 O.re0 Contaiining ouom \Brtex vf (7
Theorem I: A siwle. groph. s comected #f ithos o apomning tree
Depth- first seach (bock tracking)

Bieath- fnst SaICh.

[15. Wontmum Sponnieg Trs
@sfinion: @ spanning tree that has the smallest: sum of welhts of Its edges

—Pn‘n{s ﬂhﬂ‘ithm
léusba,{‘s algoﬁthm



Network Flow

glefiations, Swrajﬁﬁ (sib. 438 /5pd)
Flowarafk : irected groph with drsu‘rauisbmt verti@s S Ont t

(apacities on the edges.  ¢l€)7=0

OPutlom assign Flows fle) to the edies such that ( 0 e=fers 10

{BIERNL. The flow lepving the Source 15 Flow is (onserved. at wertias stherthon St

os Ialaeo& ’r»ssible_
Flows.
A 5t Flow (FHTIR) s @ functiOn that satisfies
{er eoch edgeee £, 0= fl9<w9 [copoty]
For eoch ve - fat] - 29 ’ﬂif““’) [conservotioe)
4. % "

The. value of o. Flow f: V%[):e:‘;* ¢ s'f'Le)
Mox flaw problem: Find st flow o Moxtmum vodue
Gats ina %m‘m

(ut. Pvtition of V/ in¥P kom‘nt cots S Twwh s 10 S awl ¢ m T

01715'0-. Sum of She Capacisies ot ed%u from S+ T
Flow (S T): ner flow out of &
(out of minus o)

How(sT) s Grcw
(wts ¢ An 5t (HE= @ partslon (AB) of Vwith seA el
The copactty of o Cat (A8, 3

eoued/y
ninun (o Poplem
2 Frdan St cot of MnlMUM cbraa%
Flows and. Cuts

A Vale Jemma, = T10)- 2 TR = ¢
" am'f]fo\( el'ﬂto]: Vf)

lev £ be any How. and et (AB) baanj St cut . Then, thenet flow sent aciss the cut 15 lela[‘fb the AMOung [y

¥ e vale 0{ the q’*iBN s at most the @rama, gf Hhe cut

* Ui oyplAR. Y -3 £ 57 ¢ =00
f o ['-Hﬁeautoff\ eintofx t;;tnjq»q/*) 46;“}5\) JmP{Ala]

d
&m//mg: J.qc lrtf)=caF(A/B) —-)jﬁrs a mox f/aw angl [A:B) S0 WA Gt

TOWOTO\S o Mox HW’ A/awvhm,

&leg A’dvﬂfh'"- Stam with fle)=o for all enses e eE
Frd an 5-+ path Pwhore cach efpe bou fre) < (&)
A vt Flow olovg P
Repare until gt s ok



Peswlual 5mPh
9 Flow a,)uflm shvwrrat#e mmlnin& @?Mtg
A»ammrva Puth Algorsthi.
Pugnanting Poth. ¢ aras Vi~
iVPgl V=t
L Pmible*‘\) oddl b ynits of flow between Y ondl Y+
FRALRE: e ) g
iﬂ?ﬁﬂﬁﬁﬂﬂ -‘HMN)?U =) ‘31%1)”:’“7%
Fordl- Ful kerson /‘}%mbhm
Mow-Flow  Min- Gt Thesrem.
Anﬁmﬁna poth theorem . Flow f 15 & X Hlow ff Shere ove. 10 auamentma poths

Jox—flow min-cut thesrom. The value of the mox flow s egwl +o the valwe sf the min cut.

finds o, maximum Aow,

L5fiks o flow where the  resiolual groph. is disconnested. hene FF



